Adsorption of Externally Stretched Two-Dimensional Flexible and
  Semi-flexible Polymers near an Attractive Wall by Lam, Pui-Man et al.
 
 
 
Adsorption of Externally Stretched Two-Dimensional Flexible and Semi-flexible 
Polymers near an Attractive Wall 
 
 
 
Pui-Man Lam and Yi Zhen  
Physics Department, Southern University 
Baton Rouge, Louisians 70813 
 
Haijun Zhou and Jie Zhou 
Institute of Theoretical Physics, The Chinese Academy of Sciences 
Beijing 100190, China 
 
 
 
PACS numbers: 82.35.Lr, 05.50.+q, 64.60.Cn, 82.35.Gh 
 
 
 
 
     We study analytically a model of a two dimensional, partially directed, flexible or 
semiflexible polymer, attached to an attractive wall which is perpendicular to the 
preferred direction. In addition, the polymer is stretched by an externally applied force. 
We find that the wall has a dramatic effect on the polymer. For wall attraction 1ε  smaller 
than the non-sequential nearest neighbor attraction ε , the fraction of monomers at the 
wall is zero and the model is the same as that of a polymer without a wall. However, for 
1ε  greater than ε , the fraction of monomers at the wall undergoes a first order transition 
from unity at low temperature and small force, to zero at higher temperatures and forces. 
We present phase diagram for this transition. Our results are confirmed by Monte-Carlo 
simulations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
I. Introduction 
 
     The adsorption of polymers at a attractive wall is a well-studied problem from 
theoretical [1-7], computer simulation [7-10] and experimental [11,12] points of view. 
Due to the advancement of single-molecule force manipulation methods [13-15], the 
conformation problem of a polymer under an external applied stretching force has 
received renewed attention [14-27]. In ref. [27], the authors studied the 2D collapse 
transition of a polymer under external stretching force, through a partially directed lattice 
model. In this model, both the flexible (∆=0) and the semi-flexible ( 0>∆ ) cases can be 
studied analytically. In this paper we extend the method of ref [27] to study the partially 
directed polymer near an attractive wall in two dimensions. Such situation can in 
principle occur in biophysics for a semi-flexible polymer such as DNA to be close to an 
attractive membrane. We are able to obtain analytic result for this model. We find that for 
wall attraction 1ε  smaller than the non-sequential nearest neighbor attraction ε , the 
fraction of monomers at the wall is zero and the model is the same as that of a polymer 
without a wall. However, for 1ε  greater than ε , the fraction of monomers at the wall 
undergoes a first order transition from unity at low temperature and force, to zero at 
higher temperatures and forces. We present phase diagram for this transition. Our results 
are confirmed by Monte-Carlo simulations. 
      In section II we introduce the model. In section III we describe the method used in 
solving it and the results obtained. Section IV is the Summary. 
 
II. The Model 
 
     The 2D partially directed polymer of N identical units on a square lattice is shown in 
Fig. 1. The left end of the polymer is attached to an impenetrable wall, shown in the 
figure as the y-axis. The model is partially directed in the sense that monomer units can 
be added only in the positive x-direction, while in the transverse direction, they can be 
added both in the positive and negative y-directions. The length of the bond connecting 
two consecutive monomers i and i+1 is fixed to 0a  . If any two monomer i and 
i+m( 3≥m ) occupy nearest neighboring lattice sites, an attractive energy of magnitude ε  
is gained. Usually real polymers are semi-flexible. We associate an energy penalty of 
magnitude ∆  to each local direction change of the chain [22, 28]. If a monomer happens 
to be on the wall, an attractive energy of magnitude 1ε   is gained. In addition, the other 
end of the polymer is pulled by a stretching force f in the positive x direction. With this 
stretching force, this partially directed model is not that unphysical since it makes the 
monomers tend to align in the positive x direction.  
 
III. The Method and Results 
 
     The partially directed model described above can be solved analytically using the 
method of [27], which we will now follow closely. To calculate the free energy density of 
the polymer, a given configuration of the 2D chain is divided into a linear sequence of β-
sheet segments and coil segments using the Lifson approach [27, 29]. A β-sheet segment 
is defined as a folded segment of 2≥βn consecutive columns, in which contacting 
interactions exist between any two adjacent ones. Two consecutive  β-sheet segments are 
separated by a coil segment, which is a segment of 0≥cn  consecutive columns in which 
all monomers are free of contacts. For example, the configuration shown in Fig. 1 
consists of one β-sheet of 22 monomers and one coil of five monomers. After making 
such a distinction between β-sheets and coils, we proceed by first calculating the partition 
functions of β-sheets and coils separately. 
     Under the action of an external force f, the energy of a β-sheet of βn  columns is 
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where ε  is attractive energy between the nearest neighboring lattice sites, 1ε  is the 
energy gain of each monomer attached on the wall.∆  is the energy penalty of each local 
direction change of the chain, jl  is the number of monomers in the j-th column of the 
β sheet, and .1),min(),( 11 −= ++ jjjj llllv  The partition function of a β sheet with 4≥n  
monomers is 
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where Tea /ε= , Teb /1ε= , Tfaep /0= , Tes /∆−= , and T is the temperature. It is easier to 
calculate the generating function )(ζβbG of the partition function )(nZbβ  than to 
calculate )(nZbβ directly.  
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The configurational energy of a coil segment with a wall is 
 
                                011 fanlmE ccbc −−∆= ε                     (4) 
where cm  is the total number of bends in the configuration, 1l  is the number of 
monomers on the wall. To calculate the partition function )(nZbc  of a coil segment of n 
monomers, one needs to distinguish among four different boundary conditions.   
 
(i) Both the wall and the right-most column contain only one monomer. The 
partition function for such a situation is denoted as ),(1,1 cbc nnZ . 
(ii) The wall contains only one monomer, while the right-most column contains 
two or more monomers. The partition function for such a situation is denoted 
as ),(2,1 cbc nnZ  
(iii) The wall contains two or more monomers, while the right-most column 
contains just one monomer. The partition function for such a situation is 
denoted as ),(1,2 cbc nnZ . 
(iv)  Both the wall and the right-most column contain two or more monomers. The 
partition function for such a situation is denoted as ).,(2,2 cbc nnZ  
 
We can write down the following iteration equations for the four partition functions: 
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The initial conditions are: 11,1 ),1(
cncbc
pbnZ δ= ;  0),2(),1( 2,12,1 == cbccbc nZnZ ;  
 
   ;0),2(),1( 1,21,2 == cbccbc nZnZ  and 0),1(2,2 =cbc nZ , 122,2 ),2( cncbc pbnZ δ= .            (9) 
 
Except for the initial conditions in (9), these equations are the same as those of ref. [27] 
for the case without a wall. 
      By iterating the above equations, the generating functions )(, ζbcjiG  of  ),(, cbcji nnZ , 
i,j =1or 2  defined as  
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can be calculated as: 
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where  
           2232223 )1()1(),,( spsappaapaB ζζζζ −−++−=           (15) 
                                              
    One can easily check that the above equations reduce to those of ref. [27] in the case 
b=1, when there is no interaction with the wall. By Taylor expanding the )(, ζbcjiG  in 
ζ one can check that the results agree with those obtained by solving equations (5)-(10) 
to all orders in ζ , so that they are indeed exact solutions.   
     The total partition function for a coil segment of n monomers attached to a wall is  
 
         ),(),(),(),()(
1
2
2,22
1
2
1,2
1
2
2,12
1
1,1
c
n
n
bc
n
n
cbcc
n
n
bcc
n
n
bcbc nnZsnnZsnnZsnnZsnZ
cccc
∑∑∑∑ −
=
−
=
−
==
+++=    (16) 
 
while 0)0( ≡bcZ . The factors s and s2 in (16) come from the extra bends or corners that 
arise when the coil partition function with a wall is connected to a β -sheet partition 
function without a wall. The generating function for the coil segment partition function is 
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The generating function for the coil segment partition function of a polymer without wall 
was obtained in ref. [27]. It can be obtained from our equations above by simply setting 
b=1. 
     In the lattice model, any configuration of the polymer is a chain of some monomers 
either  β -sheet βbG  , or random coil bcG which are attached to the wall. These parts can 
then be attached to polymer parts which are not attached to a wall, either βG or cG , which 
can be obtained either from ref [27] or from equations (10)-(17) by setting b=1. The part 
of polymer which is not attached to the wall has the two types of segments occurring 
alternately along the polymer. Since every configuration of the polymer is of the form 
Lccb −−−− ββ  or ⋅⋅⋅−−−− ββ ccb the generating function of the total partition 
function is  
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Note that this result reduces to that of ref [27] for the case b=1, when bcG and βbG reduce 
to cG and βG respectively. 
     The generating function βG  is given by [27] 
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In Eqn. (19), ⋅⋅⋅≥≥= + )()(;)/( 212/)1( ζλζλζ jj ax are the eigenvalues of a LxL real-
symmetric matrix )(ζΛ with elements );,2,1,(/)( 2/2/)(1 Ljia jijiij ⋅⋅⋅==Λ −++ζζ  and the 
orthogonal matrix )(ζA contains the eigenvectors of matrix )(ζΛ . The parameter L 
should be infinity. When +∞=> )(,1 1 ζλζ , and consequently )(ζβG  is not properly 
defined. When 1≤ζ , all the eigenvalues of matrix )(ζΛ are finite, and the value )(ζβG  
can be calculated by Eqn. (19). 
     There are three singular points of Eqn.(18) given by the divergences of 
)(),( ζζβ bcb GG  and the vanishing of the denominator )()(1 ζζβ cGG− .  We will first 
determine the value 1ζ at which )( 1ζβbG  diverges. From Eqn. (2) 
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The sum over 1l  can be written as 
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Clearly the second sum diverges at 11 =
a
bζ  or ba /1 =ζ .  From Eqns.(12) to (15) one can 
see that this gives also the divergence of )(ζbcG . The singular point 0ζ coming from the 
vanishing of the denominator )()(1 ζζβ cGG−  is independent of b. 
     The fraction of monomers at the wall is given by 
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Similarly, the relative extension of the polymer is given by  
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Therefore the fraction of monomer is either one or zero depending on whether 1ζ  or 0ζ , 
respectively, is used in Eqn. (20). Since the physical values of ζ are given by 1≤ζ , the 
condition )/)exp((/ 11 Tba εεζ −==  can only be satisfied by εε ≥1 . For εε <1 , the 
only singular point of Eqn.(18) is 0ζ , independent of b. This will give the fraction of 
monomer equal to zero according to Eqn. (20) and the wall has no effect on the polymer. 
The relative extension of the polymer is then given by Eqn. (21) using 0ζ . This will give 
the same result obtained in [27]. In the following we will only consider the case εε ≥1 . 
In this case the free energy per monomer 1ζ  is small at low temperatures whereas the free 
energy per monomer 0ζ  is known to be large at low temperatures [27]. Therefore, at low 
temperatures and for εε ≥1 , the free energy per monomer in the β -state 1ζ  is lower 
than 0ζ and the polymer is in the β -state. Using 1ζ  in Eqns.(20) and (21), one find that 
the fraction of monomers at the wall is unity and the relative extension is zero, since 1ζ  is 
independent of p. The polymer is completely adsorbed at the wall. As the temperature 
increases, 1ζ  increases and approaches unity, while 0ζ  decreases and eventually 
becomes negative [27]. Therefore there always exists a temperature above which 0ζ  is 
smaller than 1ζ  and 0ζ  then takes over as the physical chemical potential per monomer. 
At this point, according to Eqn. (20), the fraction of monomers at the wall is zero and the 
polymer is desorbed from the surface. The relative extension is then obtained by using 
0ζ  in Eqn. (21), yielding the same result as in [27]. At fixed temperature T, the phase 
diagram can therefore be obtained by substituting Tba /)exp((/ 1εεζ −==  into the 
equation 0),,(),,(1 =− fTGfTG c ζζβ and solving for the critical force f. Such phase 
diagrams for ∆=0 and ∆=0.25 are presented in Figures 2a and 2b respectively. In both 
figures, for each value of 1ε , the region above (below) the curve represents desorbed 
(adsorbed) phase, respectively. In Figure 3 we present the phase diagram for the 
particular case of no external force. In this figure, for each value of ∆ , the region above 
(below) the curve represents absorbed (desorbed) phase respectively. Since our wall is 
one dimensional, the desorption transition of a self-avoiding polymer from this wall is 
very similar to the DNA denaturation transition (if driven by temperature) or the DNA 
unzipping transition (if driven by force). Both transitions are found to be first-order by 
various earlier theoretical and experimental studies. We have studied a different problem 
here, i.e., the competition between wall adsorption and formation of beta-sheet structures. 
But as we showed in our work, when the adsorption energy is large enough, the transition 
will also be first order. 
      In order to support our theoretical result we have performed Monte-Carlo simulation 
of our model, using the Monte-Carlo method of ref. [27]. The  simulations are performed 
for a polymer of length N=4900, at fixed wall attraction  εε 2.11 = .  For both cases of 
flexible ( 0=∆ ) and semiflexible ( ε25.0=∆ ) we have calculated the extension versus 
temperature curve at zero external force and the extension versus force curve at fixed 
temperature T=ε. In Figure 4a we have plotted the extension versus temperature at zero 
external force , at wall attraction εε 2.11 = . We can see that the extension is zero for 
temperature below about 1.1 ε for stiffness 0=∆ and jumps discontinuously to a finite 
value at higher temperatures. For stiffness ε25.0=∆ , the extension is zero for 
temperature below T=1.3 ε and jumps discontinuously to a finite value at higher 
temperatures. This is consistent with our theoretical result in Figure 3. In Figure 4b we 
have plotted the extension versus force at fixed temperature T=ε, at wall attraction 
εε 2.11 = . Again the simulation results are consistent with the theoretical results in 
Figure 2a and 2b. The error bars in Figures 4a and 4b are smaller than the size of the data 
points. 
 
 
IV. Summary 
      
     In summary we have studied analytically a model of a two dimensional, partially 
directed, flexible or semiflexible polymer, attached to an attractive wall which is 
perpendicular to the preferred direction. In addition, the polymer is stretched by an 
externally applied force. We find that for wall attraction 1ε  smaller than the non-
sequential nearest neighbor attraction ε , the fraction of monomers at the wall is zero and 
the model is the same as that of a polymer without a wall. However, for 1ε  greater than 
ε , the fraction of monomers at the wall undergoes a first order transition from unity at 
low temperature and force, to zero at higher temperatures and forces. We present phase 
diagram for this transition. Our results are confirmed by Monte-Carlo simulations. 
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Figure 1: Configuration of a polymer attached to an attractive wall. Solid dots represent 
monomers. Dashed lines represent attraction ε . The y-axis on the left denotes the wall. 
the wall  
f
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Monomers at the wall experience an extra attraction 1ε . The right end of the polymer is 
subjected to an external force f. 
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Figure 2a: Phase diagram for flexible polymer (∆=0), at different wall attraction 
εεεε 2,,1.1,0.11 ⋅⋅⋅= . 
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Figure 2b: Phase diagram for semiflexible polymer (∆=0.25ε) at wall attraction 
εεεε 2,,1.1,0.11 ⋅⋅⋅= . 
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Figure 3: Phase diagram at zero external force, for flexible (∆=0) and semiflexible 
(∆=0.25ε). 
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Figure 4a: Extension versus temperature at zero external force for flexible( 0=∆ ) and 
semiflexible ( ε25.0=∆ ) polymers, at wall attraction εε 2.11 = . 
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Figure 4b: Extension versus force at fixed temperature T=ε for flexible( 0=∆ ) and 
semiflexible ( ε25.0=∆ ) polymers, at wall attraction εε 2.11 = . 
 
 
